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A Tale of Friction Student Notes

1.0 Basic Concepts
1.1 Rotational Movement Kinematics

Angular Velocity Definition

Average angular velocity: o= A_@

At

. do

Instantaneous angular velocity: o= s

angle &: radians
Tangential Velocity

Average tangential velocity: 7 = §
At
Instantaneous tangential velocity: ds
Tt

s: length of arc

S
Because @ = — ,( r=circle radius, s = arc length), s = @ - I ,then the angular and tangential
r

velocities are related as:
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do dv.
If angular acceleration is defined as: o = E, and tangential acceleration as: a; = d_tT , then

a—dzg and a _rd_26’
dt? T dt?

The angular and tangential accelerations are then related as: a;. =« - I

1.2 Rotational Kinetic Energy and Moment of Inertia of a Rigid Body
For a single particle, the kinetic energy for linear movement is defined as: K = % mv2. Similarly, for
a single particle, the kinetic energy for rotational movement is given by the formula K = %_lw?,

where | =m r? is known as moment of inertia of the particle, and r is the distance from the point of
rotation.

For a system of particles, its moment of inertia is the sum of the individual moments / = Emir?.
This definition can be extended to compute the moment of inertia for a continuous rigid body:

| = I rzdm
For the special case analyzed in this project, the moment of inertia for a solid homogeneous
sphere is:
2 , .
| =gr , r = radius of the sphere

1.3 Angular Momentum and Torque of a Rigid Body

From the law of lever, the torque is defined as 7 = F - d, where F is the perpendicular force
applied on the lever, at a distance d from the fulcrum.

Extending this definition, taking the force F as a vector F non- perpendicular to the vector ' that
gives the position of the point where the force is applied with respect to the rotation point, the
torque is defin 7 asthe vector product:

T=rxF
Where the torque 7 is represented as a
vector perpendicular to the plane defined
by vectors T and F .
The magnitude of this vector is given by
the product of the magnitudes of the

vectors T and F , (rand F) times the sine
of the angle between them:

r=r-F-sin(@)

When the angle is 90°, T and F are
perpendicular, the original law of lever is
obtained.
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For a single particle, the linear momentum is defined as the vector: P=m -V, and by definition,
the force or Newton’s second law for a single particle when its mass changes with the time is
given by:

- d
F=—(m-v
S (m-v)
When the mass of the particle is constant:
~ dv ~
F=m—=m-a
dt

Similar to the linear momentum, the angular momentum of a particle is defined as:

—

L=rxp=m-(rxV)

and similar to the force definition for linear movement in terms of the linear momentum, the
force producing a rotational movement, or torque, is defined as:

di

dt

For a particle of constant mass in a circular movement (r constant), and v the tangential velocity
(6 =90°), the magnitude of the torque is given by:

T =

dv, :
rT=m-r—=m-r-a; =m-r°-«
dt
or
7=«

a formula similar to Newton’s second law, for a rotating rigid body with constant mass.

Force of Friction for a Spherical Rigid Body Rolling without Slipping on an Incline Surface

A spherical rigid body of mass m is rolling
down an incline surface. The forces
producing this movement are the weight
of the body mg and the force of friction f..

Because the body is rolling instead sliding,

the friction to consider in this problem is

static friction. So, the coefficient to use in

the friction force calculations is the static
( friction coefficient ps.

The body rolls because a torque is produced by the friction force f; and the component of the
body’s weight parallel to the inclined surface.
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All forces on the rolling body can be analyzed by using a free-body diagram:

The forces that make this spherical solid of radius r and mass m roll down the incline plane are
those along the x-axis. Using Newton’s second law to describe the solids linear movement:

(1) F=m-a=m-g-sind-f,
The force that makes the solid rotate is the torque produced by the friction force:
(2) r=f,r=1-«a
where I = sphere’s momentum of inertia, a = sphere’s angular acceleration, r = sphere’s radius.
. . 2 . . .

For a homogenous spherical object: | = gm -I'“. Substituting this value, and a = a/r in (2):

2 a

foor==m-r’.=

5 r
The force of friction can be expressed as:
(3) f—2ma

5

Substituting (3) in (1): 2
rwa:mgsme—gma

) 2
a=(g-sinfd——a
g 5
a+ga=gsm9
5
7 .
—a=g-sin@
5 g
5 ;
a=—g-sin@
79
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Substituting the obtained acceleration value in (3), the force of friction can be expressed in terms
of the sphere’s weight and the angle of the incline:

S

2 5 .
f,.=—m-=g-sind
(4) 5 7
2 .
f,=—m-gsiné
7
By definition, the static friction force is proportional to the normal force, or force the surface
applies on the sphere to balance the component of the sphere’s weight perpendicular to the
surface.

(5) fo=u-F

n

where s is the static friction coefficient and F, is the magnitude of the normal force. For this
problem, the value of the normal force can be found in the free-body diagram.

F,=m-g-cosé
Substituting this value in (5)
(6) fo=u,-m-g-cosd
Combining equations (4) and (6), an expression for the coefficient of static friction can be found:

,us-m-g-cosezgm-g-sine

M -cosezésin 0

_2sind
Hs 7 cos®
2
(7) M =?tan¢9

Equation (7) states that for a spherical body rolling on an incline, the coefficient of static friction is
a function of the inclined surface angle, specifically, of the tangent of this angle or slope of the
inclined surface.

3. Force of Friction for a Spherical Rigid Body Rolling without Slipping on a Variable Slope Path

A sphere rolling on a path with variable
slope can be visualized as rolling on a
sequence of inclined tangent straight
surfaces.

If the path is given as a function y = f (x),
differentiable at every point, the slope of
any these inclines, defined as m = tan@, can
be found using the derivative f’(x):

dy
m=-—2=f'(x
i (x)
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Then:
m=tand = f'(x)

Using the above expression in (7), the coefficient of static friction for a sphere rolling on a variable
slope path is given by: 2
(8 Hs :7 f (X)

Expression (8) states that the static friction coefficient varies from point to point on the path.
Using equation (8) in (6), the static friction force for a rolling sphere of mass m is:

fs:%f'(x)-m-g~cos¢9

Using trigonometry, it is possible to express cos 0 also in terms of f’(x). Because tan 8 = f’(x),

then:
0 = arctan (f’(x))
Then:
(9) f, :é f'(x)-m-g-cos(arctan( f'(x)))
Solving with right triangles: ‘
tan¢9=—f (9 =P
1 adj
adj 1
. cosd = =
(%) hyp 1+ (F ()
sing=2PP __ T'(¥)
1 hyp 1+ (F' (%))

Using this expression for cos 6 in (9):
fS = E m-g i
(10) / 1+(f ()

Equations (8) and (10) seem to be adequate to model the problem of a sphere rolling on a variable
slope path with friction, but something needs to be fixed. Both equations give negative values for
some sections of the path, and by definition, the static friction coefficient is always positive.

The problem comes from the sign of the derivative and the possibility of negative slopes. For the
inclined plane, the elevation angle is always positive. Because in this problem we approached the
path with variable slope as a sequence of inclines, the slope given by f’(x) must always be positive.
With this restriction, equations (8) and (10) need to be given in terms of the absolute value of
£/ )

(11) Hs :7|fl(x)|
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(12) .
2 f'(x
2 110

T 1+ (' (0))

4, Work-Energy Theorem for a Sphere Rolling on a Variable Slope Path with Friction

The work-energy theorem states that the mechanical energy (kinetic energy + potential energy) of
an isolated system under only conservative forces remains constant.

E, =K, +U, =K, +U, =E,
or
AE =AK +AU =0

Where E is the mechanical energy of the system, K is the kinetic energy %2 mv?, U is the potential
energy mgh, and the indexes s and ; indicate the energies at the end and beginning of the process,
respectively.

Energy cannot be created nor destroyed in an isolated system, but it can be internally converted
to any other form of energy.

When a non-conservative force such as friction is considered in a system, the work-energy
theorem states that the work done by the non-conservative forces, AW, is equivalent to the
change in mechanical energy:

(13) AW, =AE =AK + AU

Under non-conservative forces, AE is no longer zero, but another key difference exists. Meanwhile
for conservative systems, the work done by conservative forces depends only on the initial and
final positions. For non-conservative systems, the work done by non-conservative forces, like
friction, depends on the path or trajectory or on the time these forces affect the system. In a
system under conservative forces, the work on a closed loop is zero, while in a system under non-
conservative forces it is not.

By definition, mechanical work is the product of the displacement times the force component
along the displacement:

AW =F -AS = F - As-cos¢
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For the variable slope path y = f (x), the work done by the force of friction (12) is:

fr(x
AW = g m-g & -AS
()
Taking differential displacements along the path:
fl
(14) dW:gmgwds
T (P

If the differential arc ds is defined as:

ds = /(dx)? + (dy)?

the arc ds can be set as a function of f’(x):

ds = /(dx)? + (dy)?

&

(15) =J1+(F' (X)) -dx

Substituting in (15) in (14):

dw =—

2m-g [ £(x)|
! 1+(f'(0)

AL+ (F1(%)) - dx

:§m~g'|f'(x)|-dx

Because dx >0, dX| =dX, then:

dwzgm.g.|f'(x)|.|dx|

2
—‘m-a-lf(x)-d
7m g-|f'(x)-dx|

2
=Zm.g-|df
Zm-g-[df ()

Because the friction force always acts against the movement, the work done by friction is always
negative. Then:

dw :—%m-g-|df(x)|
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Again taking small displacement As along the path:

(16) AW :—;m'g -|Af (x)|

For the entire path, the total work is the sum of the work done along the little displacements the
path had been divided into.

Substituting equation (16) in (13):
AW = AK + AU
=K, —K#+ U, -U,
=ym-v.’=%m-v:+m-g-h, —-m-g h,
Then: —%m-g-|Af X)|=%m-v,*-%m-v +m-g-h, —m-g-h,

because the height of the object on the path is given by the value of function f (x) (thatis, h=f

(). ) o
_—'g“f(xf)_ f(xi)‘z%'vf -V +g-f(x)—-g-f(x)

(17) /

Using the above equation, it is possible to find the velocity of the rolling body at the end of every

little displacement, knowing the values of its velocity at the beginning of the displacement, and of
the corresponding potential energy change:

(18)

v, =\/vf—2g-(f(xf)— f(xi))—é-g-\f(xf)— £(x)

hi=f (Xi) """"

hi=f (Xf)
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Vo
hozf(Xo) "'I
!
I
1
I
I
1
I
!
I
1
I
| Vi
hiy =1 (X1) ——JI- ——————— |
! !
! I
: 1
I
! I
! I
i :
h2=f(X2) ---:I -------- JI- ——————————
I
! I
i . _
he=f(xs) —==-=====""  SDRECEEEE A y=1(x)
I

Xo X1 X2 X3

A variable slope path can be approximated by a sequence of small inclines, and on each one, the

mechanical-energy theorem can be applied, and the work done by the friction force can be easily
estimated.
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